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We consider two particles of spin-1/2 interacting with a one-dimensional N-spin array, which is an exactly
solvable model. The dynamics of entanglement and quantum discord (QD) of the spins of the two particles is
investigated by regarding the 1D N-spin array as the environment. It is found that although the entanglement
may suffers a sudden death and a sudden birth in the evolution, it can neither be generated nor become larger
than its initial value. Different from the entanglement dynamics, QD can be amplified, and even be generated by
the interaction between particles and the common environment. We also observe that QD decays asymptotically
to zero and later experiences a rival when the average number of excitation in the 1D N-spin array becomes
larger in the case of nonzero inter-distance between two particles.
PACS numbers: 03.67.-a, 03.65.Ta, 03.65.Yz
I. INTRODUCTION
To find the fundamental resource for quantum information
processing tasks, quantum entanglement has been regarded as
a necessary prerequisite in order for quantum correlations to
occur. With the doubting on entanglement being responsible
for all quantum speedups raised by Knill and Laflamme [1], it
is discovered that superposition principle can entail an alterna-
tive type of nonclassical correlation apart from entanglement.
There are several measure to characterize all nonclassical cor-
relations [2]. Quantum discord [3, 4] is the prominent one,
which is defined as the difference between the quantum gen-
eralizations of two classically equivalent versions of the mu-
tual information. Quantum discord is original introduced to
be an information-theoretic approach to decoherence mecha-
nisms in a quantum measurement process.
A quantum measurement process typically involves a mea-
sured system and a measuring apparatus, where the measured
system is described as a quantum system and the apparatus be-
haves as a classical object. And the process of measurement
can be described as a dynamic evolution process via an appro-
priate coupling between a measured system and the measuring
apparatus. To draw light on the border between the quantum
and the classical, the macroscopic character of the apparatus
is taken into account by Hepp and Coleman. In their exactly
solvable model, known as the Coleman-Hepp (CH) model [5],
the apparatus is a “ large system” and the number of its con-
stituting components approaches infinity, where each compo-
nent obeys the Schro¨dinger equation and interactes with the
measured system locally. Later on, a modified version of CH
model is proposed by Nakazato and Pascazio [6], which takes
energy exchange between the measured system and the appa-
ratus into account. Based on exact solvability of the Coleman-
Hepp model and its generalized version [6–8], the emergence
of classicality of a quantum system is due to the elimination
of the off-diagonal elements of the density matrix, which is
characterized by a factorization structure [7] due to the inter-
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action between the quantum system and the classical object.
And this factorization gives rise to the exponential behavior
of a quantum system [9]. However, to take the information
transfer associated with the measured system and the appa-
ratus into account, a triple model is necessary for a quantum
measurement process, which consists of a measured system,
an apparatus, and an environment. This invokes the investi-
gation of the behavior of correlations of a two-qubit compos-
ite system exposed to noisy environments [10–20]. However,
many of these studies concern on independent environments,
and approximations are usually employed.
Exactly solvable models, which exclude the effects of ap-
proximations, not only gives us good insights into physics, but
they also provide us with a better understanding of the com-
plicated phenomena involved, for example, the CH model and
its generalized version [6–8] have given us a comprehensive
understanding of the quantum measurement processes. In this
paper, we study two particles with spin-1/2 interacting with
a one-dimensional (1D) N-spin array, which is a generalized
version of CH model. We regarded the spins of two parti-
cles and the 1D N-spin array as a two-qubit composite system
and its surrounding environment, respectively. The 1D N-spin
array is a macroscopic system as N becomes larger. To intro-
duce the macroscopic medium of the 1D array, we first study
the effect of the macroscopic system on one qubit, it is found
that the dynamic evolution of the qubit can be modeled as
a phase damping channel in the weak-coupling macroscopic
limit. Next, quantum correlations of the spins of two particles
are investigated. It is found that quantum discord can be am-
plified, even generated via the interaction. We also observed
the revival of quantum discord and entanglement under some
conditions.
This paper is organized as follows. In Sec. II, we introduce
the model—two particles with spin-1/2 interacting with 1D
array made of N identical spins. In Sec. III, we derive the
time evolution operator of the total system, and also present
the damping effect of the 1D array on the spin state of one
particle. In Sec. IV, we study quantum correlation of the two-
qubit in the time evolution. Finally, We conclude this work in
Sec. V.
2II. THE MODEL
The CH model describes an ultrarelativistic particle inter-
acting with 1D array of N identical spins. Each spin of the
1D array could be regarded as a AgBr molecule with the
down (up) state corresponding to the undivided (dissociated)
molecule [5]. In the present generalized version, we consider
two particles QA and QB. Each particle possesses a spin, and
moves in the x direction with a positive constant velocity v j
( j = A, B). The 1D N-spin array has the finite size with length
L = xN − x1, where x1 (xN) is the position of the first (fi-
nal) spin of the array. After the particles arriving at position
x1 > 0, the particles begin their interaction with the spin array.
The Hamiltonian of the total system
H = HQ + HE + H′ (1)
is a sum of three parts, where
HQ = vA pˆA + vB pˆB +
∑
j=A,B
1
2
~ω j
(
1 + τzj
)
(2)
is the free Hamiltonian of two particles,
HE =
1
2
~ω
N∑
n=1
(
1 + σzn
) (3)
is the free Hamiltonian of 1D N-spin array, and
H′ =
∑
j=A,B
1 + τzj
2
H′jE (4)
≡
∑
j=A,B
N∑
n=1
1 + τzj
2
V
(
xˆ j − xn
) (
σ+n e
−i ω
v j xˆ j + h.c.
)
is the interaction Hamiltonian between the particles and the
1D N-spin array. Here, σαn (α = ±, z) is the Pauli spin oper-
ators for the nth spin of the 1D array, τzj is the Pauli matrice
acting on the spin of the jth particle. xˆ j and pˆ j are the co-
ordinator and momentum operator of the Q j particle, which
satisfies the canonical commutation relation
[
xˆ j, pˆ j′
]
= i~δ j j′ .
The real function V
(
xˆ j − xn
)
characterizes the strength of the
interaction between the particles and each spin of the 1D ar-
ray, where xn (n = 1, ...,N) are the positions of the spin in
the array (xn > xn−1). Hereafter, the subscript n denotes the
spatial location of each spin in the array.
Comparing to the original CH model, the interaction
Hamiltonian is changed to taking the spins of the particles into
account, which describes that the jth particle at the position x
exerts a real potential V
(
xˆ j − xn
)
on the nth spin if and only
if particle’s spin is up [8]. Denoting
∣∣∣p j〉 as the state that the
jth particle has momentum p and |0n〉 (|1n〉) as the down (up)
state of the nth spin, Hamiltonian H′jn changes the states as
H′jn
∣∣∣p j〉 |0n〉 = V (xˆ j − xn)
∣∣∣∣∣∣p j −
~ω
v j
〉
|1n〉 , (5a)
H′jn
∣∣∣p j〉 |1n〉 = V (xˆ j − xn)
∣∣∣∣∣∣p j +
~ω
v j
〉
|0n〉 , (5b)
where Hamiltonian
H′jn = V
(
xˆ j − xn
) (
σ+n e
−i ω
v j xˆ j + h.c.
)
(6)
is the H′jE term acting on the nth spin and the jth particle. Con-
sequently, once the particles’ spin is up, the interaction Hamil-
tonian H′jE given by Eq. (4) induces the energy exchange be-
tween the particles and the spin array due to the nonvanishing
energy gap ~ω between the two states of the molecule [6]. The
particle’s spin undergoes free precession with frequency ω j.
For later convenience, the Hamiltonian of the total system
is rearranged as the sum of the free Hamiltonian H0 and the
interaction Hamiltonian H′ of the particle-array system
H = H0 + H′, (7)
where H0 = HQ + HE .
III. THE DYNAMICS OF THE TOTAL SYSTEM
For a given initial state of the total system ρ (0), the state
at time t reads ρ (t) = U (t) ρ (0) U† (t). Obviously, the evo-
lution operator U (t) = e−iHt/~ characterizes the dynamical
of the particle-array system, where the initial time is set as
t0 = 0. To exactly solve the present model, we introduce
the interaction picture by writing the evolution operator as
U (t) = e−iH0t/~UAB, where the unitary operator UAB (t) satis-
fies the Schro¨dinger equation with the Hamiltonian (4). Since
the total spin of the particles QA and QB along the z direction
is always conserved during the time evolution, we decompose
the unitary operator as
UAB (t) = UA (t) UB (t) |↑↑〉 〈↑↑| + |↓↓〉 〈↓↓| + (8)
UB (t) |↓↑〉 〈↓↑| + UA (t) |↑↓〉 〈↑↓| ,
where states |↓〉 and |↑〉 are the eigenstates of the operator τz.
Here, the reduced evolution operators U j (t) obey the follow-
ing Schro¨dinger equation
i~∂tU j (t) = H′jEU j (t) , j = A, B, (9)
which can be computed exactly as
U j
(
x j, t
)
= exp
− i
~
N∑
n=1
∫ t
0
dt′V
(
x j + v jt′ − xn
)
(10)
×
(
σ+n e
−i ω
v j x j + σ−n e
i ω
v j x j
)]
in the coordinator representation. With the SU(2) algebra, the
exponential (10) can be disentangled as
U j
(
x j, t
)
=
∏
n
e−iσ
+
n tanα
[ j]
n (t)e−σ
z
n ln cosα
[ j]
n (t)e−iσ
−
n tanα
[ j]
n (t), (11)
where we have defined the time-dependent tipping angles [9]
of the nth spin as
α
[ j]
n (t) =
∫ t
0
dt′
~
V
(
x j + v jt′ − xn
)
. (12)
3For the sake of simplicity, we restrict our attention to the case
of δ-shaped potentials, i.e., assuming that V (x) = V0Ωδ (x). It
allows us to obtain the tipping angles exactly as
α
[ j]
n (t) =
V0Ω
~v j
Θ
(
x j + v jt − xn
)
, (13)
where Θ (y) is the Heaviside unit step function, i.e., Θ (y) = 1
for y > 0, and Θ (y) = 0 for y < 0. In Eq. (13), we have as-
sumed that the spin array is placed at the far right of the origin
(x1 > 0), and the two particles are initially at the position xA
and xB with xA, xB < x1, i.e., well outside the potential region
of the spin array. It can observed that if two particles, initially
at the same position xA = xB = x, move with the same con-
stant velocities, i.e., v j = v, tipping angles of the nth spin are
equal, α[ j]n (t) = αn (t) = V0Ω~v Θ (x + vt − xn).
To show the damping effect of the 1D array on the spin
state of the particles, we first study the time evolution of one
particle (say, A) prepared initially in the state |ψ〉 |xA〉, where
|ψ〉 = c0 |↓〉 + c1 |↑〉 is the superposition state of the spin-up
|↑〉 and spin-down |↓〉 and the particle is initially located at the
origin xA = 0. The initial state of the 1D N-spin array is taken
to be the ground state |0E〉 (i.e. all spins down). The spin state
of the particle at time t > 0 reads
ρS (t) = |c0|2 |↓〉 〈↓| + |c1|2 |↑〉 〈↑|
+c1c
∗
0 |↑〉 〈↓| f (t) + h.c., (14)
where the off-diagonal elements are proportional to decoher-
ence factor [7]
f (t) = 〈00E |UA |00E〉
=
∏
n
cos
[
V0Ω
~vA
Θ (vAt − xn)
]
(15)
with a factorization structure. Now, we introduce the parame-
ter
q j = sin2
V0Ω
~v j
, (16)
which is the ”spin-flip” probability, i.e., the probability of dis-
sociating one AgBr molecule due to the energy exchange with
the jth particle. Here, only one particle is considered i.e.,
j = A. For an array with N spins, n¯ = qN is the average
number of dissociated molecule. In the weak-coupling macro-
scopic limit
qA =
(
V0Ω
~vA
)2
, (17)
and n¯ = qN is required to be finite [9]. With the assumption
that
xn = x1 + (n − 1)∆, (18)
the decoherence factor is approximately calculated as
f (t) = e− n¯2
[
vAt−x1
L Θ(xN−vAt)Θ(vAt−x1)+Θ(vAt−xN )
]
(19)
for ∆/L → 0 as N → ∞. It can be found that the decoherence
factor decays exponentially within the regime of the macro-
scopic medium (i.e. x1 < vAt < xN), and becomes a constant
after the interaction is over. In the terminology of quantum
mechanics, the qubit is subject to a phase damping channel.
IV. QUANTUM CORRELATIONS OF THE TWO QUBITS
We regard the spins of the two particles as a two-qubit com-
posite system and the 1D N-spin array as the environment. To
investigate the quantum correlations of the two qubits interact-
ing with the same environment, we assume that the two-qubit
system and the environment are initially uncorrelated
ρ (0) = ρSin ⊗ ρDin ⊗ ρEin. (20)
Hereafter, the density matrixes related to the spin and spatial
degrees of the particle QA(QB), and the 1D N-spin array are
discriminated by the superscripts S , D, E. To further distin-
guish the spin (spatial) degree between the particle A and B,
the superscripts S β (Dβ) will be used with β = A, B. The
two-qubit system is initial in a class of states with maximally
mixed marginal, known as Bell-diagonal states [21]
ρSin =
1
4
IAB +
3∑
j=1
c jτAj ⊗ τBj
 , (21)
which has been discussed in the literature on entanglement
and its decay under decoherence [22], and quantum corre-
lations besides entanglement [10–15, 23]. Here, IAB is the
4 × 4 identity matrix, and c j (0 ≤
∣∣∣c j∣∣∣ ≤ 1) are real numbers
satisfying the unit trace and positivity conditions of the den-
sity ρSin. The state in Eq. (21) becomes the Werner state when|c1| = |c2| = |c3| = c and Bell state when |c1| = |c2| = |c3| = 1.
After the interaction the two-qubit state evolves into
ρS (t) = 1
4

1 + c3 0 0 Λ2 (t)
0 1 − c3 Λ∗1 (t) 0
0 Λ1 (t) 1 − c3 0
Λ
∗
2 (t) 0 0 1 + c3
 , (22)
where the off-diagonal elements are time-dependent
Λ1 (t) = (c1 + c2) f1 (t) , (23a)
Λ2 (t) = (c1 − c2) f2 (t) , (23b)
and the diagonal elements of the density matrix ρS (t) do not
change with time. In Eq. (23), the time-dependent factors are
defined as
f1 (t) = ei(ωA−ωB)t
∫
dx′Adx′B
〈
x′Ax
′
B
∣∣∣ ρDin ∣∣∣x′Ax′B〉
TrE
[
UB
(
x′B, t
)
ρEinU
†
A
(
x′A, t
)]
, (24a)
f2 (t) = e−i(ωA+ωB)t
∫
dx′Adx′B
〈
x′Ax
′
B
∣∣∣ ρDin ∣∣∣x′Ax′B〉
TrE
[
UA
(
x′A, t
)
UB
(
x′B, t
)
ρEin
]
, (24b)
where
∣∣∣∣x′j
〉
is the eigenstate of the coordinator operator xˆ j of
the Q j particle.
The QD [3, 24–27] is defined as the difference between to-
tal correlations and classical correlations in a bipartite system
with the expression D (ρAB) = I (ρAB) − J (ρAB), where ρAB
is the density operator of the total system. Here, total cor-
relations is equal to quantum mutual information I(ρAB) =
4S (ρA) + S (ρB) − S (ρAB), where S is the von Neumann en-
tropy, and ρA(ρB) is the reduced density matrix of the sub-
system A(B). Classical correlations between the two subsys-
tems A and B is the largest information gained about one sub-
system after a measurement of the other, and it can be cap-
tured by J(ρAB) = max
[
S (ρA) − S (ρA|ΠBk )
]
, where S (ρA|ΠBk )
is the entropy of A after a measurement of B, and ΠBk is an or-
thogonal projective measurement made on B with ∑k ΠBk = I
[21]. In this paper, we choose ΠBk = |pik〉〈pik |, k = 1, 2, where
|pi1〉 = cos θ|0〉+ eiφ sin θ|1〉, |pi2〉 = e−iφ sin θ|0〉− cos θ|1〉, with
0 ≤ θ ≤ pi/2 and 0 ≤ φ ≤ 2pi. It is worth to stress that
QD is dependent on the subsystem on which the measurement
is performed, and its quantity is not symmetrical in general.
However, in the case of S (ρA) = S (ρB), QD computed on
measuring subsystem A is equal to that on measuring subsys-
tem B [28]. This is an important reason why the Bell-diagonal
states are chosen as the initial states of the two-qubit system
in current literatures [11, 13–15].
The total correlations corresponding to the density matrix
in Eq. (22) can be obtained as I(ρS (t)) = 2 + ∑4i=1 λi log λi,
where
λ1,2 =
1
4
[
1 − c3 ± |(c1 + c2) f1(t)|] , (25a)
λ3,4 =
1
4
[
1 + c3 ± |(c1 − c2) f2(t)|] (25b)
are four eigenvalues of ρS (t). And the classical correla-
tions between the two qubits is also derived as J(ρS (t)) =∑2
n=1
1+(−1)nχ
2 log2[1 + (−1)nχ] , where
χ(t) = max
[
|c3|, |(c1 + c2) f1(t)| + |(c1 − c2) f2(t)|2
]
. (26)
Therefore, QD takes the form as
D(ρS (t)) = 2+
4∑
i=1
λi log λi−
2∑
n=1
1 + (−1)nχ
2
log2[1+(−1)nχ].
(27)
Concurrence [29] quantifies the entanglement of the state
of two-qubit system ρAB and is defined as C(ρAB) =
max {0, λ1 − λ2 − λ3 − λ4}, where λ1 ≥ λ2 ≥ λ3 ≥ λ4
are square roots of the eigenvalues of the matrix ρAB(τy ⊗
τy)ρ∗AB(τy ⊗ τy), with ρ∗AB denoting the complex conjugate of
ρAB and τy being Pauli matrix. When the density matrix of
two-qubit has an X structure, defined by ρ12 = ρ13 = ρ24 =
ρ34 = 0, concurrence has a simple analytic expression [30]
C(ρAB) = 2 max {0, Γ1, Γ2} , (28)
where Γ1 = |ρ14| − √ρ22ρ33 and Γ2 = |ρ23| − √ρ11ρ44. For the
density operator given by Eq. (22), we can get
Γ1 =
1
4
[|(c1 − c2) f2 (t) | − |1 − c3|] , (29a)
Γ2 =
1
4
[|(c1 + c2) f ∗1 (t) | − |1 + c3|] . (29b)
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FIG. 1: (Color online). Dynamics of concurrence (blue-dashed line)
and quantum discord (red-dotted line) as a function of t for c1 =
−c2 = ±1 and c3 = 1. Here, we choose T = △/v and △ as a unit of
time and length, respectively. Moreover, q = 0.005, N = 1001, x1 =
100, xN = 1100, L = 1000.
A. Two particles located initially at the same position
For the sake of simplicity, we give priority to the case that
the two particles are initially located at the origin xA = xB =
0, and have the identical velocity parameter vA = vB = v.
The initial state of the macroscopic medium is taken to be the
ground state |0E〉. From Eq. (24), the time-dependent factor is
calculated as
f1 (t) = ei(ωA−ωB)t, (30a)
f2 (t) = e−i(ωA+ωB)te−2n¯
[
vt−x1
L Θ(xN−vt)Θ(vt−x1)+Θ(vt−xN )
]
(30b)
in the weak-coupling macroscopic limit. We note that it is
unnecessary to give the value of ωA and ωB because QD and
concurrence only dependent on the norm of functions f1 (t)
and f2 (t).
(1) We first consider the initial state with the following
parameters: c1 = −c2 = ±1, c3 = 1, which means the
two-qubit composite system is initially in Bell states |Φ±〉 =
(|00〉±|11〉)/√2. In Fig. 1, we plot the concurrence C(ρS (t)) =
| f2 (t) | and the QD D(ρS (t)) = 12 (1+ | f2 (t) |) log(1+ | f2 (t) |)+
1
2 (1 − | f2 (t) |) log(1 − | f2 (t) |) as a function of time. It can be
observed that as the time increases, the concurrence and QD
are unchanged for a while, and they decrease afterward. Ac-
tually, the dynamics of the particles can be divided into three
time periods. The first time period ends at the particles meet-
ing the 1st spin of the chain. In this time period, the state of
the total system is unchanged since the particles do not inter-
act with the macroscopic medium, therefore, the concurrence
and QD keep their initial value. After the particles enter the
medium, the second time period begins. Due to the energy ex-
change between the system and environment, the environment
results in the dephasing of the two-qubit composite system,
which decreases the concurrence and QD. The third time pe-
riod begins after the particles have interacted with the last spin
of the chain. The concurrence and QD do not change with
time due to the noninteraction between the particles and the
macroscopic medium. Here, both concurrence and QD decay
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FIG. 2: (Color online). The concurrence and QD as a function of c3
at t = 0 and t = ∞ with c1 = ±1, c2 = ∓c3 and |c3| < 1. The other
parameters are the same as those in Fig. 1.
asymptotically, and the QD decays faster than concurrence.
(2) Consider the two-qubit composite system is initially in
the Bell states |Ψ±〉 = (|01〉 ± |10〉)/√2, which is obtained
by setting c1 = c2 = ±1 and c3 = −1 in Eq. (21). In this
case, one of the off-diagonal element in Eq.(22) tends to zero,
i.e., Λ2 (t) → 0. The concurrence and QD keep their ini-
tial value, i.e., C(ρS (t)) = D(ρS (t)) = 1. The total correla-
tions are equally divided into classical and quantum correla-
tions through all the time. This phenomenon can be observed
from Eq.(24a), whose evolution operator U†A (xA, t) UB (xB, t)
is generated by Hamiltonian H′1 = H′AE − H′BE . Since the
inter-distance between two particles vanishes, H′1 = 0, which
means the environment does not induces the loss of coherence
without energy exchange. Consequently, the off-diagonal ele-
ment remains unchanged in the subspace with one spin up and
one spin down.
(3) Now, we consider the case with parameters c1 =
±1, c2 = ∓c3 and |c3| < 1 in Eq. (21), which is the mixture
of Bell states mentioned above [15]
ρS (0) = 1 + c3
2
∣∣∣Φ±〉 〈Φ±∣∣∣ + 1 − c3
2
∣∣∣Ψ±〉 〈Ψ±∣∣∣ . (31)
To give a preliminary change of the concurrence and QD be-
fore and after the interaction between the particles and envi-
ronment, we first discuss the quantities C(ρS (t)), D(ρS (t)) at
time t = 0 and t = ∞
C(ρS (0)) = |c3|, (32a)
C(ρS (∞)) =
{ |c3|, for c3 < 0
0, for c3 > 0 (32b)
D(ρS (0)) = 1
2
(1 − c3) log2(1 − c3)
+
1
2
(1 + c3) log2(1 + c3), (32c)
D(ρS (∞)) = 1
2
(1 − c3) log2[2(1 − c3)]
+
1
2
(1 + c3) log2(1 + c3) −
1 + θ
2
log2(1 + θ)
−1 − θ
2
log2(1 − θ), (32d)
where θ = max
[
|c3|, 1−c32
]
. Equation (32) is obtained by let-
tingΛ2(t) = 0 asΛ2(t) approaches zero very fast. In Fig. 2, we
plot the concurrences and QDs at t = 0 and t = ∞ as a func-
tion of the parameter c3. We note that the curve C(ρS (∞))
at c3 ∈ (−1, 0) overlaps the curve C(ρS (0)) in Fig. 2. It
can be observed that: (i) When c3 ∈ (−1, 0), concurrence
C(ρS (∞)) = C(ρS (0)), but when c3 ∈ (0, 1), C(ρS (∞)) = 0,
which is always smaller than its initial value C(ρS (0)). Ac-
tually, the variation of the concurrence before and after the
interaction is due to the increasing of the probability of state
|Φ±〉 as the parameter c3 increases in Eq. (31). (ii) The initial
QD, D(ρS (0)), is symmetry about the axis c3 = 0. The final
QD, D(ρS (∞)), has a sudden change at the point c3 = 1/3,
which is caused by the value of θ. When c3 = −1, the state
given in Eq. (31) reduces to |Ψ±〉, and the results presented
previously is recovered. When c3 ∈ (−1, c0), the final QD is
larger than the initial QD, i.e., D(ρS (∞)) > D(ρS (0)), which
means QD is amplified after the two-qubit composite system
interacting with the environment. As c3 continues to increase,
D(ρS (∞)) < D(ρS (0)). (iii) In the initial time, the QD is
always smaller than concurrence, which shows that the total
amount of quantum correlation is captured by an entangle-
ment measure. However, things become different at t = ∞.
Two curves intersect each other at c3 = c
′
. When c3 ∈ (−1, c′),
the QD is smaller than the concurrence. However, the QD is
greater than the concurrence when c3 ∈ (c′ , 1), which shows
that the absence of entanglement does not necessarily indicate
the absence of quantum correlation. (iv) At the point c3 = 0,
there is no correlation (QD and concurrence) between the two
qubits since the initial state in Eq. (31) is a maximum mix
state. After the interaction is completed, quantum entangle-
ment remains unchanged, however, the QD is nonzero. Hence
the interaction generates the quantum correlation.
Now, we discuss the entanglement dynamics and the time
evolution of the QD. Actually, these are predicted in the above
discussion. The entanglement dynamics remains unchanged
over the time for c3 ∈ (−1, 0), which can be observed in
Fig. 3(a). For c3 ∈ (0, 1), the concurrence first keeps its
initial value when the two-qubit is away from the macro-
scopic medium. After the two qubits enter the macroscopic
medium, the concurrence with the expression C(ρS (t)) =
1
2 [|(1+ c3) f2(t)| − (1− c3)] decays monotonically and becomes
zero at time t0 = x1v − L2qNv ln 1−c31+c3 . With c3 ∈ (−1, 1/3),
the QD increases monotonically over the time after the two
particles begin to interact with the macroscopic medium, and
QD gradually becomes the constant D(ρS (∞)) in Eq.(32d),
as shown in Fig. 3(b) and the dashed line in Fig. 4. In this
regime, χ(t) = |1−c3 |+|(1+c3) f2(t)|2 , the macroscopic medium in-
creases the quantum correlations between the two qubits. In
the regime 1/3 < c3 < 1, as the interaction begins, the func-
tion χ(t) = |1−c3|+|(1+c3) f2(t)|2 before a specific time tc, where
tc =
x1
v
− L2qNv ln 3c3−11+c3 . During the period of time t < tc, we
observe an increasing of QD. At time t > tc, χ(t) = |c3|, QD
decreases gradually. Consequently, there is a sudden change
in the behavior of the QD at time t = tc, as shown in the solid
and dotted line in Fig. 4. Actually, the increase of QD at time
t < tc is due to the classical correlation decaying faster than
6FIG. 3: (Color online). The dynamics of (a) concurrence and (b) QD with parameters c1 = ±1, c2 = ∓c3 and |c3| < 1. The other parameters are
the same as those in Fig. 1.
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FIG. 4: (Color online). The dynamics of QD with parameters c1 =
±1, c2 = ∓c3 and c3 = −0.6 (dashed line), 0.5 (solid line), 0.7 (dotted
line). The other parameters are the same as those in Fig. 1.
the total correlation.
B. Two particles located initially at the different position
In this section, we consider that the two particles are ini-
tially located at the different location with xA = 0, xB < 0, and
the macroscopic medium is initially in state |0E〉. The time-
dependent factors given in Eq. (24) read
f1 (t) = ei(ωA−ωB)te− n¯2
[
vt−x1
L Θ(xN−vt)Θ(vt−x1)+Θ(vt−xN )
]
(33a)
×e n¯2
[
xB+vt−x1
L Θ(xN−xB−vt)Θ(xB+vt−x1)+Θ(xB+vt−xN )
]
,
f2 (t) = e−i(ωA+ωB)te− n¯2
[
vt−x1
L Θ(xN−vt)Θ(vt−x1)+Θ(vt−xN )
]
(33b)
×e− 3n¯2
[
xB+vt−x1
L Θ(xN−xB−vt)Θ(xB+vt−x1)+Θ(xB+vt−xN )
]
in the weak coupling macroscopic limit.
We plot time evolution of concurrence and QD when two
qubits are initially in Bell states |Φ±〉 and |Ψ±〉 in Fig. 5. It can
be observed that both concurrence and quantum discord keep
the initial values before two particles meeting the macroscopic
medium. When particle A begins to interact with the macro-
scopic medium, they start to decrease. After the particle B
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FIG. 5: (Color online). The dynamics of QD (dashed line) and con-
currence (solid line) as a function of t for the initial stateΦ± (red line)
and Ψ± (blue line). Here, we have set q = 0.005, N = 1001, x1 =
100, xN = 1100, xB = −200, L = 1000. Time is in unit of T = △/v,
and length is in unit of △.
enters the medium, both particles interact with the medium.
However, the concurrence and QD have different behavior for
different initial states: For initial state |Φ±〉, both concurrence
and QD decay faster than before, and vanish later; For initial
state |Ψ±〉, the concurrence and QD remain a constant when
both particles interact with the medium, and they increase af-
ter the particle A left the medium and finally reach their initial
value at the time that the interaction ends. Such process can
be regarded as particle B erasing the which-path information
encoded in the medium. As the average number of dissociated
molecule n¯ becomes larger enough, both concurrence and QD
decay to zero asymptotically as the interaction begin, how-
ever, they were revived after a period of time for two qubits
initial in state |Ψ±〉.
Now, we assume that the two-qubit system is initial in the
mixture state given in Eq.(31). Figure 2 also gives the behav-
ior of concurrence and QD before and after two particles inter-
acting with the medium. Consequently, the amplification and
generation of QD can also be observed in this case. To show
the difference between the previous case and the one consid-
ered here, we plot the time evolution of concurrence and QD
7FIG. 6: (Color online). The dynamics of (a) concurrence and (b) QD with parameters c1 = ±1, c2 = ∓c3 and |c3| < 1. The other parameters are
the same as those in Fig. 5.
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FIG. 7: (Color online). The dynamics of QD with parameters c1 =
±1, c2 = ∓c3 and c3 = −0.8 (blue-dashed line), −0.5 (blue-solid line),
0.2 (red-solid line), 0.7 (red-dotted line). The other parameters are
the same as those in Fig. 5.
as the functions of parameter c3 and time in Figs. 6(a) and
6(b), respectively. It can be observed from Fig. 6(a) that af-
ter the interaction begins, entanglement first decreases, then
remains unchanged for a while, finally increases to its ini-
tial value in the regime c3 ∈ (−1, 0). Actually, one can ob-
served first a sudden death and latter a sudden birth as the aver-
age number of dissociated molecule n¯ becomes larger enough
when the probability of state |Ψ±〉 is larger than that of state
|Φ±〉 in Eq. (31). In the regime c3 ∈ (0, 1), only the sudden
death appears. Figs. 6(b) depicts that QD experiences a de-
cline after the interaction begins, then remains unchanged for
a while, finally revives in the case of smaller c3. However, for
larger c3, there is no obvious revival. Figs. 7 gives the QD as
a function of time for a given parameter c3. Here, it is can
be find that the dynamic of QD is divided into five time peri-
ods. The first time period ends at particle A meeting the 1st
spin of the chain. In this time period, the state of two-qubit
is unchanged, then QD keeps its initial value D(ρS (0)). After
particle A enters the medium, the second time period begins,
and it ends at particle B meeting the 1st spin of chain. During
this period, since f1 (t) = f2 (t), QD first keeps unchanged un-
til the critical time t = x1
v
− 2L ln |c3|qNv , then decays monotonously,
which experiences a sudden change [15]. However, such sud-
den change may disappears as long as |c3| ≤ e
qNxB
2L as shown in
the solid lines of Fig. 7. The third time period is the period of
both two particles interacting with the macroscopic medium.
The QD may either increases (see the red solid line in Fig. 7)
or decreases (see the blue dashed line and red dotted line in
Fig. 7), and even has a sudden change (see the blue solid line
in Fig. 7), depending on the value of c3. The fourth time pe-
riod begins with particle A leaving the medium and particle
B still interacting with the macroscopic medium. In the case
that χ(t) = |(1−c3) f1(t)|+|(1+c3) f2(t)|2 for a given c3, the QD increases
continuously and monotonously to the value of D(ρS (∞)) as
shown in the red-solid line in Fig. 7. And in the case that
χ(t) = |c3|, the QD also has a continuous and monotonous in-
crease as shown in the red-dotted line in Fig. 7. However, in
the case that χ(t) is a piecewise function of time since there
exists a cross between |c3| and |(1−c3) f1(t)|+|(1+c3) f2(t)|2 , the QD in-
creases fast firstly and slow later as shown in the blue-dash
line and blue-solid line in Fig. 7. The last time period begins
after particle B have interacted with the last spin of the chain.
the QD does not change with time due to the noninteraction
between the particles and the macroscopic medium.
V. DISCUSSION AND CONCLUSION
We have investigated the dynamics of concurrence and QD
with an exactly solvable model where qubits interact with a
common zero-temperature reservoir. The behaviors of both
entanglement and QD are presented in the initial states and
the same reservoir condition. It is found that regardless the
inter-distance between the two particles, the final entangle-
ment can neither be generated nor become larger than its ini-
tial value via the interaction. However, QD can be amplified,
and even be generated. Whether the inter-distance of the two
particles is absence or not has significant influence on the dy-
namics of both entanglement and QD: 1) With a vanishing
inter-distance, entanglement either remains unchanged or de-
cay monotonically through all the time, instead, QD could ei-
ther keep unchanged or increase monotonically, and it could
8even increase first and decrease later, i.e., it undergoes a sud-
den change. 2) With a nonzero inter-distance, both entangle-
ment and QD varied with time. when the average number of
dissociated molecule n¯ become larger enough, entanglement
experiences first a sudden death and later a sudden birth in the
time evolution, but QD begins to decay to zero asymptotically
and has a rival later.
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